We show numerically that any of the constant mean curvature tori first found by Wente must have index at least eight. 12
The original Wente tori
In this section we shall give a brief description of the original Wente tori, based on [Wa] . Later, we shall assume that the mean curvature H is 1/2, but in this and the next section we shall only assume that H is a nonzero constant.
Let X − : C/Γ −→ R 3 be a conformal immersion of class C ∞ where C/Γ is a compact 2-dimensional torus determined by the 2-dimensional lattice Γ. Note that (x, y) are then isothermal coordinates on C/Γ. The fundamental forms and the Gauss and mean curvature functions are I = E(dx 2 + dy 2 ), II = Ldx 2 + 2Mdx dy + Ndy
Since H is constant, the Hopf differential Φ dz 2 is holomorphic, where Φ = 1 2
(L − N) − iM and z = x + iy. Thus Φ is constant and X − has no umbilics points. Moreover, by a change of the coordinates (x, y), we may assume Φ = 1 and so M = 0, L = e F + 1, N = e F − 1, and (x, y) become curvature line parameters, where F : C/Γ −→ R is defined by HE = e F . We have the equations of Gauss and Weingarten:
where ∆ = ∂ 2 ∂x 2 + ∂ 2 ∂y 2 and N : C/Γ −→ R 3 is the unit normal vector field, i.e. the Gauss map. Therefore the problem of finding constant mean curvature immersed tori in R 3 reduces to solving the PDE system (1) and (2) by real analytic functions F, N , X − defined on R 2 and doubly periodic with respect to some fundamental lattice Γ ⊂ R 2 . In the case of the original Wente tori, in Walter's notation, the solution F of (2) is:
where cn k denotes the Jacobi amplitudinus cosinus function with modulus k, and k = sin θ, k = sin θ, for θ, θ ∈ (0, π/2) and θ + θ < π/2, and γ = √ tan θ, γ = √ tan θ, α = 4H sin 2θ sin 2 (θ+θ) , α = 4H sin 2θ sin 2 (θ+θ) . Lemma 1 ( [A] , [Wa] ). The set of all original Wente tori are in a one-to-one correspondence with the set of reduced fractions ℓ/n ∈ (1, 2).
For each ℓ/n, we call the corresponding Wente torus W ℓ/n . Following Walter's notation, each W ℓ/n has either one or two planar geodesic loops in the central symmetry plane: two loops if ℓ is odd, and one loop if ℓ is even. Each loop can be partitioned into 2n congruent curve segments, and ℓ is the total winding order of the Gauss map along each loop.
The conditions for double periodicity of the position vector function X − are expressed in terms of θ and θ. Walter determined that there is exactly one θ ∼ = 65.354955
• that solves one period problem. The other period problem is solved with the correct choice of θ ∈ (0, (π/2) − θ), and, for any ℓ/n ∈ (1, 2), this correct choice is the unique solution θ of
For any ℓ/n ∈ (1, 2), there is no solution θ ∈ (0, (π/2) − θ) of (4). In Table 2 we give some values of θ with respect to ℓ/n. Now, if x ℓn (resp. y ℓn ) denotes the length of the period of cn k (αx) (resp. cn k (αy)), then we have the following lemma:
3 is a conformal immersion (W ℓ/n denotes the image of X − ), where Γ = span Z {(nx ℓn , 0), (0, y ℓn )} when ℓ is odd, and
The curves {[x 0 , y]|x 0 = constant} are mapped by X − to planar curvature lines of W ℓ/n .
The lengths x ℓn and y ℓn can be computed as follows:
The definition of index and preliminary results
The Jacobi operator associated to W ℓ/n is −∆ I −|II| 2 on C/Γ, with
) and ∆ I the Laplace-Beltrami operator associated to the metric I. The corresponding quadratic form is
where
and ∆ the Euclidean Laplacian. Note that in equation (6), we are integrating with respect to the flat metric on C/Γ. Consider a smooth volume-preserving variation X − t of the immersion X − with parameter t so that X − 0 is the surface W ℓ/n . By reparametrizing the surfaces of the variation, we may assume that the variation vector field at t = 0 is uN for some u ∈ C ∞ (C/Γ). Then ∂ ∂t area(X − t ) t=0 = 0 and
Furthermore, the volume-preserving condition implies C/Γ u dA = 0. Thus, if
then we can give the following definition (see [BC] ):
Definition 1 We define Ind(X − (C/Γ)), the index of the immersion X − of C/Γ, to be the maximum of the dimensions of the subspaces of V restricted to which Q is negative definite.
Since the first derivative of area is zero, and the second derivative is Q(u, u), the index in a sense measures the amount of area-reducing volume-preserving variations.
Let
It follows from the standard spectral theorem that the operator L = −∆ − V on C/Γ has a discrete spectrum of eigenvalues
and corresponding eigenfunctions
which form an orthonormal basis for L 2 . Moreover, we have the following variational characterization for the eigenvalues:
where V j runs through all j dimensional subspaces of C ∞ (C/Γ).
By Lemma 3, our goal becomes to compute the number of negative eigenvalues of L. Now, we use a convenient fact: For the flat torus C/Γ, with Γ = span Z {(a 1 , a 2 ), (b 1 , b 2 )}, the complete set of eigenvalues of
with corresponding orthonormal eigenfunctions
With the aid of Lemma 2 we list 17 of the α i and u i in Table 1 .
With the orderings for the eigenvalues as chosen in Table 1 , we do not necessarily have α i ≤ α j for i ≤ j. However, we still have α i ր ∞ as i ր ∞. Choose α ρ ℓ/n (1) , α ρ ℓ/n (2) , · · · the complete set of eigenvalues with multiplicity 1 of the operator −∆ on the flat torus C/Γ reordered by the permutation ρ ℓ/n of N so that α ρ ℓ/n (1) < α ρ ℓ/n (2) ≤ · · · ր ∞. eigenvalues eigenfunctions eigenvalues eigenfunctions 
The first of the following two lemmas follows from the variational characterization for eigenvalues, and the second follows from Lemma 3, the Courant nodal domain theorem, and geometric properties of the surfaces W ℓ/n : R2] ). For all n ∈ Z + , n ≥ 2 we have that Ind(W ℓ/n ) ≥ 2n − 2 if ℓ is odd, and Ind(W ℓ/n ) ≥ n − 2 if ℓ is even.
4 The lower bound 8 for Ind(W ℓ/n )
We now show the following:
Observe that, although the eigenvalues of L depend on the choice of H, the number of negative eigenvalues is independent of H. So without loss of generality we fix H = 1/2. By Lemma 5, Ind(W ℓ/n ) can be less than 8 only if ℓ/n is one of 3/2, 4/3, 5/3, 5/4, 7/4, 6/5, 8/5, 8/7, 10/7, 12/7, 10/9, 14/9, or 16/9. Lemma 4 also gives explicit lower bounds for the index, since we know the values of x ℓn and y ℓn numerically by formula (5), and hence we know the α ρ ℓ/n (i) (see Table 1 ). Lemma 4 implies that the index is at least 8 when ℓ/n is 5/4, 6/5, 8/7, 10/7, or 10/9. Thus we only need to consider the following eight surfaces: For these surfaces we list, in Table 2 , the corresponding θ, x ℓn , y ℓn and lower bounds for index. These approximate values for θ, x ℓn , and y ℓn were computed numerically using formulas (4) and (5) Table 2: x ℓn , y ℓn are computed using the value H = 1/2.
We will find specific spaces on which L is negative definite, for these eight surfaces. Let N be an arbitrary positive integer. Consider a finite subset {ũ 1 = u i 1 , . . . ,ũ N = u i N } of the eigenfunctions u i of −∆ on C/Γ, defined in Section 3, with corresponding eigenvalues α j = α i j , j = 1, . . . , N. If we consider any u = N i=1 a iũi ∈ span{ũ 1 , . . . ,ũ N }, a 1 , . . . , a N ∈ R, then C/Γ uL(u)dx dy = N i,j=1 a i (α j δ ij −b ij )a j , whereb ij := C/Γ Vũ iũj dxdy. So we have C/Γ uL(u)dx dy < 0 for all nonzero u ∈ span{ũ 1 , . . . ,ũ N } if and only if the matrix (α j δ ij −b ij ) i,j=1,...,N is negative definite. Lemma 3 then implies:
W ℓ/nũ1ũ2ũ3ũ4ũ5ũ6ũ7ũ8ũ9 W 3/2 u 1 u 2 u 3 u 4 u 5 u 7 u 8 u 9 u 17 W 4/3 u 1 u 2 u 3 u 4 u 5 u 6 u 7 u 8 u 9 W 5/3 u 1 u 2 u 3 u 5 u 6 u 7 u 8 u 9 u 15 W 7/4 u 1 u 2 u 3 u 6 u 7 u 8 u 9 u 14 u 15 W 8/5 u 1 u 2 u 3 u 4 u 5 u 10 u 11 u 12 u 13 W 12/7 u 1 u 2 u 3 u 4 u 5 u 10 u 11 u 12 u 13 W 14/9 u 1 u 2 u 3 u 4 u 5 u 10 u 11 u 12 u 13 W 16/9 u 1 u 2 u 3 u 4 u 5 u 10 u 11 u 12 u 13 Table 3 : Eigenfunctions of −∆ producing 9-dimensional spaces on which Q is negative definite.
Definition 2 Given A, B even integers and ℓ, n ∈ Z + , we now define the following basic integrals: Now, for each surface W ℓ/n given in Table 2 , we will fix N = 9 and choose the subset {ũ 1 , . . . ,ũ 9 } such that the matrix (α j δ ij −b ij ) i,j=1,...,N is negative definite. These choices are given in Table 3 . With these choices forũ i , we have the following lemma:
Lemma 6 With the choices given in Table 3 , all elements of the eight matrices M(ℓ, n) := (α j δ ij −b ij ) i,j=1,...,9 can be expressed in terms of the basic integrals I 0 (ℓ, n, A, B) and I j (ℓ, n) for A, B even and j = 1, 2, . . . , 7. M i,i = α i − 64 I 0 (7, 4, 0, 0) for i = 1, 2, 3, 6, 7, 8, 9, 14, 15 all other pertinent M i,j with i < j are zero. For
, all other pertinent M i,j with i < j are zero. Table 4 : Elements M i,j of the symmetric matrices M(ℓ, n) expressed in terms of the basic integrals. We have chosen here to index the M i,j using the counters associated to α j and u j , rather thanα j andũ j .
By numerical methods, we can estimate that all of the relevant I j (ℓ, n) for j ≥ 1 are approximately zero, and that These values were computed with a Mathematica program using the NIntegrate and JacobiCN commands, and the program is available at the web site of the third author. One note of warning is that Mathematica has different conventions than Walter's paper, and hence cn k in [Wa] is equivalent to cn k 2 in Mathematica. We include a sample of our code in the Appendix. Now we can make approximations for the eight matrices M(ℓ, n).
The matrix M(3, 2) is approximately 
All eight of these matrices are 9 × 9 and negative definite. Hence Theorem 1 implies the numerical result.
Appendix: the Mathematica code
The following is a Mathematica code for computing the values I 0 (4, 3, 0, 0), I 0 (4, 3, 0, 2), I 0 (4, 3, 0, 4), I 1 (4, 3), I 2 (4, 3), I 4 (4, 3), and the elements of the matrix M(4, 3). The seven other needed codes for different ℓ and n were written similarly. 
